Nonlinear Stability of Supersonic Nonparallel Boundary Layer Flows  by Xin, Guo & Dengbin, Tang
 Chinese 
Journal of 
Aeronautics 
Chinese Journal of Aeronautics 23(2010) 283-289 www.elsevier.com/locate/cja
Nonlinear Stability of Supersonic Nonparallel Boundary Layer Flows 
Guo Xin, Tang Dengbin* 
Department of Aerodynamics, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China 
Received 28 April 2009; accepted 23 August 2009 
Abstract 
This article studies the nonlinear evolution of disturbance waves in supersonic nonparallel boundary layer flows by using 
nonlinear parabolic stability equations (NPSE). An accurate numerical method is developed to solve the equations and march the 
NPSE in a stable manner. Through computation, are obtained the curves of amplitude and disturbance shape function of har-
monic waves. Especially are demonstrated the physical characteristics of nonlinear stability of various harmonic waves, includ-
ing instantaneous stream wise vortices, spanwise vortices and Λ structure etc, and are used to study and analyze the mechanism 
of the transition process. The calculated results have evidenced the effectiveness of the proposed NPSE method to research the 
nonlinear stability of the supersonic boundary layers. 
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1. Introduction1 
Closely related to the determination of the transition 
location and the control of boundary layers, the stabil-
ity and transition of boundary layer flows are of criti-
cal importance during designing the aerial vehicles.  
With the dramatic development of the aeronautics and 
astronautics over recent years, more and more atten-
tion has been paid to the stability and the transition of  
supersonic boundary layer flows. Researches on stabi- 
lity, especially, on nonlinear stability proved very dif-
ficult to pursue because of the violent variation of 
many influencing parameters and acute interactions in 
supersonic boundary layer flows[1]. 
The stability theory has long been adopted to study 
disturbance evolution in boundary layers. As the linear 
parallel stability theory commonly ignores the nonpa- 
rallel and the nonlinear effects[2-3], the obtained results 
are generally somewhat different from the reality. As a 
result, many methods, which consider either of the two 
effects, are put forward. Till now, the direct numerical 
simulation (DNS) of Navier-Stokes equations[4-5] 
seems the most powerful technique to deal with the 
stability phenomena, for it can simulate the whole 
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transition process. However, the laborious computation 
bars it from finding wider application. Another method 
of parabolic stability equations (PSE)[6], which con-
siders both the nonparallel and the nonlinear effects 
and dramatically decreases the time spent on computa-
tion has now replaced the PSE as a high-efficiency 
numerical simulation method. It has been successfully 
applied to the study of different stability problems, 
from the parallel linear to the nonparallel and nonlin-
ear stability[7], and from the incompressible to the 
compressible boundary layer flows[8-9]. 
The nonlinear stability among various harmonic 
waves is the important stage in the transition pro-  
cess[10], and its effects manifest themselves in two 
ways. First, the Tollmien-Schlichting (T-S) traveling 
waves transform from the initial sine waves to com-
plex waves, and the high-order wave can be obtained 
by using the fast Fourier transformation (FFT). Second, 
the traveling waves with different frequencies and 
spanwise cycles interact with each other. The efficient 
method to tackle this kind of disturbances is to de-
compose them into the strong fundamental mode (T-S 
waves) and the weak high-order mode. With the am-
plitude of the high-order mode gradually increasing to 
reach the same order as that of the fundamental mode, 
the periodicity is no longer obvious, and the flows 
enter the turbulent state. 
According to the stability theory, the instability 
starts in the form of two-dimensional (2D) distur-
bances and then develops into three-dimensional (3D) 
disturbances[11]. The second phase of instability of 3D Open access under CC BY-NC-ND license.
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subharmonic disturbances is the main way of the tran-
sition. T. Herbert suggested that 3D disturbances are 
caused by the parameter resonance[12]. The amplitude 
of 3D disturbances has already become unstable even 
though the amplitude of the T-S waves is still low. This 
article focuses on the nonlinear stability of the 3D 
subharmonic waves, the T-S waves and their induced 
high-order waves in supersonic boundary layer flows. 
2. Governing Equations 
Decompose the instantaneous flow into laminar 
flow and disturbances, and insert both into the 3D un-
steady compressible Navier-Stokes equations. The 
obtained disturbance equations are then written in the  
following nondimensional matrix form[13]: 
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where the disturbance φ = [ρ u v w T]T, F n is term of 
nonlinear interaction, and the coefficient matrices, 
which are Γ 1, A 1, B 1, C 1, D 1, lxxV , lxyV , lyyV , lxzV , lyzV  
and lzzV , contain the nonparallel terms, and superscript 
“l” denotes the linear terms. 
By using the FFT, φ can be expressed by the fol-
lowing summation: 
 m,n
m n
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= ∑ ∑φ ψ m,nχ           (2) 
where T, ,ˆˆ ˆ ˆ ˆ=[ ]m n m nu v w Tρψ is the disturbance shape 
function; χm,n=
0
,exp[i( d + )]
x
m nx
x n z m tα β ω−∫  the wave- 
like function; αm,n the streamwise wave number; nβ the 
spanwise wave number and mω the angular frequency 
of the harmonic wave (m,n). 
According to the hypothesis of PSE, the streamwise 
second derivatives and the products of the first deriva-
tives of these shape functions are sufficiently small to 
be neglected. By applying the disturbance equations, 
the nonlinear parabolic stability equations (NPSE) for 
a random harmonic wave (m,n) can be written as 
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where , ,ˆˆ ,m n m nD A  and ,ˆm nB  are coefficient matrices. 
The terms on the left of the equation are linear[13] while 
those on the right nonlinear, which will be treated later. 
3. Numerical Methods 
Considering the ever-growing boundary layer and 
the rapidly changing flow field near the wall, is 
adopted the new curve coordinate system (ξ,η) in the 
streamwise and the normal direction, which is corre-
lated to the triangle curve coordinate by  
 2
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/
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where δ is the local boundary layer thickness and c1 
and c2 are the control parameters for mesh distribution. 
Thus the transformed NPSE in the new coordinate 
system is  
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where , ,,m n m n A B and ηηV are coefficient matrices. 
Differentiation is made with the forth-order differ-
ential formula[9] in the normal direction at the out 
bound y=ymax, that is, the accurate gradual boundary 
conditions and the inviscid stability equations are im-
posed. 
3.1. Normalization condition and spatial march 
As there is an unknown variable αm,n in Eq.(5), to 
make its solution unique is required an additional re-
straint condition called the normalization condition, 
which makes the PSE assumption of slow variation of 
shape function be satisfied. For supersonic boundary 
layers, the maximum disturbance function of mass flux 
is adopted here to determine the growth rate, and the 
normalization condition can be written as follows: 
, max
, max
([ ] ) 1 0
([ ] )
m n
m n
u
x u
ρ
ρ
∂ ⋅ =∂       (6) 
where , , ,ˆˆ[ ] ,m n m n m nu u uρ ρ ρ ρ= +  and u are density 
and velocity of basic flow respectively. 
In the spatial marching process, the effective pre-
dict-correct and iteration methods are employed. The 
solutions of the current streamwise step are predicted 
by those of the previous step. The calculation marches 
stably, until the corrected complex parameter α satis-
fies the accuracy requirement . The correction of α is 
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  (7) 
It should be pointed out that there are interactions 
occurring among various harmonic waves because of 
the nonlinear effects, but they all should happen si-
multaneously in each spatial marching step. It is only 
when all the corrections satisfy the precision require-
ments that the computation can march forward. 
3.2. Analysis of nonlinear terms 
The computation of nonlinear terms of Eq.(5) is 
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very important to find out the accurate solution of 
NPSE, for a nonlinear computation of one harmonic 
wave (m,n) should involve the solution of other har-
monic waves, which affect the wave (m,n) and the 
values of ψm,n are complex numbers. According to the 
symmetry of the Fourier transformation and the physi-
cal performances, the harmonic waves with opposite 
frequencies and spanwise wave numbers can be ex-
pressed by 
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where the superscript “+” denotes the complex conju-
gate and A the amplitude. 
The nonlinear terms of mode (m,n) can be formu-
lated as 
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where the N(m1,n1,m2,n2) means the nonlinear interac-
tion of shape function between the mode (m1,n1) and 
the mode (m2,n2), (m1+m2=m, n1+n2=n). The nonlin-
ear third- and higher-order terms are ignored in F n. 
The existence of phase lock relations for different 
harmonic waves means real(αm,n) = mαr (here αr is the 
half of the streamwise wave number of the T-S wave, 
αr =αTS/2). Therefore, the term on the right of Eq.(5) 
can be written into 
1 1 2 2
1 1
n
,
2
,
,
1 2
,
,
1
[ ]
( , , , ) m n m n
m n
m n
m n m n
A A
m n m n
Aχ
+∞ +∞
=−∞ =−∞
= ∑ ∑F N  (10) 
where Am,n=
0
0 ,exp( imag( )d )
x
m nx
A xα−∫ is the amplitude 
of the harmonic wave (m1,n1), and A0 the initial ampli-
tude. The nonlinear interaction factors N(m1,n1,m2,n2) 
of the harmonic waves are shown in Appendix A. 
4. Results and Analysis 
As examples, studies have been conducted of the 
nonlinear interactions among various waves in the 
supersonic flat plate boundary layers including the 2D 
T-S wave (2,0) with given amplitude, the 3D subhar-
monic wave (1,1) with nondimensional frequency F 
and nondimensional spanwise wave number b, and 
induced high-order harmonic waves. In addition, the 
nonlinear growth of various waves and the physical 
characteristics have been analyzed. The F and b are 
assumed to be 106ω/R0 and 103ω/R0 respectively in the 
examples. 
Fig.1 shows the spatial amplitude evolution of the 
2D T-S wave (2,0) and the 3D subharmonic wave (1,1) 
for Ma =1.6, T0 = 311K, FTS=50, Fsub=25, bsub= 0.053, 
and the initial amplitude of the T-S wave is 3%. The 
calculated results represented by solid lines evince a 
good agreement with the data from Ref.[13] repre-
sented by dots. Fig.2 shows the shape functions |u| and 
|T| of a sub- harmonic wave for Ma = 4.5, FTS = 40, 
bsub= 0.047 89 and Re = 1 500. The comparison dis-
plays a good consistency exists between the calculated 
results of NPSE and the data with the accurate DNS 
method[14] .  
 
Fig.1  Amplitude evolution of modes (1,1) and (2,0). 
 
Fig.2  Comparison of disturbance shape functions. 
Fig.3 illustrates the evolution curves of the T-S 
wave and the subharmonic waves with different initial 
amplitudes at Ma = 3.0. The frequency of the T-S wave 
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is FTS = 80 and the span wise wave number of the sub-
harmonic waves bsub = 0.1. The modes of nonlinear 
effects on the T-S wave are (1,1) and (1,−1), and 
modes of nonlinear effects on the subharmonic waves 
are (2,0) and (−1, 1). The modes (1,−1) and (−1, 1) can 
be obtained by using the symmetry of FFT; therefore, 
the results of the modes with positive frequencies and 
spanwise wave numbers only need to be stored during 
the computation. Initial amplitudes of the T-S wave 
A0TS are 0.5%, 0.8% and 1.0%, respectively. The cor-
responding initial amplitudes of the subharmonic 
waves are 0.005%, 0.005% and 0.05%, respectively. 
The spatial march starts at Re = 300, and initial condi-
tions imposed are the results of linear PSE. The dash 
lines denote the linear PSE evolution. As seen from 
Fig.3, the nonlinear effects of the mode (2,0) on (1,1) 
appear immediately, and the growth rate larger than 
that of linear PSE (LPSE) because the initial amplitude 
of the T-S wave is much larger than that of the mode 
(1,1). However, the nonlinear effects of the mode (1,1) 
on (2,0) are insignificant except when the amplitude of 
the subharmonic wave becomes high enough and the 
difference of amplitude growth between NPSE and 
LPSE very small at a long initial stage. This also 
shows the feasibility of the linear stability theory in the 
early stage of the transition. With the increment of Re, 
the amplitude of mode (1,1) grows rapidly and then 
surpasses that of mode (2,0). As the amplitude 
achieves some critical value, the nonlinear effects of 
mode (1,1) on the T-S wave would become so signifi-
cant as to prompt the amplitude of the T-S wave to 
change from dwindling into augmenting. When the T-S 
and subharmonic waves enter into the fully nonlinear 
stage, the amplitude of disturbances would increase 
quickly to reach transition. With the growth of the 
initial amplitude of the T-S wave, the position, where 
the amplitude of subharmonic wave surpasses that of the 
T-S wave, shifts forward, and the Reynolds number for 
entering the fully nonlinear stage declines gradually. 
 
Fig.3  Amplitude evolution of modes (1,1) and (2,0) with 
different initial amplitudes (Ma=3.0). 
Fig.4 illustrates the amplitude evolution of various 
waves, including mode (2,0), (1,1) and high-order 
harmonic waves at Ma = 3.0. The initial amplitudes of 
the T-S wave in Fig.4(a) and Fig.4(b) are 0.5% and 
0.25% respectively. The changing trend of the ampli-
tude of the T-S waves and subharmonic waves are the 
same as those in Fig.3. The high-order harmonic 
waves, which are induced by the nonlinear interaction, 
grow fast (see Fig.4(a)). The amplitude of mode (2,2) 
mainly induced by (1,1) grows rapidly from Re = 830. 
At a short distance, the amplitude grows by a factor of 
10 000 reaching that of the T-S wave. The rapid in-
crease of the amplitude of mode (4,2) appears at 
Re = 980. With the amplitude growing, the nonlinear 
effects become stronger and stronger and finally, per-
suade the amplitudes of all harmonic waves to reach a 
higher level. Fig.4(b) differentiates from Fig.4(a) in 
that the initial amplitude of the T-S wave is so low that 
it makes the subharmonic waves unable to grow 
enough, and it itself appears to increase slowly and 
then decreases, actually, not entering the nonlinear 
stage. Similarly, the amplitudes of the high-order har-
monic waves fail to go up to a high level too. 
 
Fig.4  Amplitude evolution of various harmonic waves. 
Fig.5 discloses the nonlinear evolution of the am-
plitude of the second mode fundamental wave[15] with 
FTS = 240 and the corresponding subharmonic wave 
with Fsub=120, bsub= 0.2 at Ma = 6.0. The amplitudes 
of T-S wave are 0.5%, 0.8% and 0.1%, respectively. 
The dash and solid lines evince the results of LPSE 
and NPSE, respectively. Similar to Fig.3, with the in-
crement of the initial amplitude of the T-S wave, the 
nonlinear effects on the subharmonic waves strengthen 
gradually, and the position for them to enter nonlinear 
stage shifts forward. As the amplitude of T-S waves is 
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small enough (for instance 0.001), the evolution of 
subharmonic waves is at linear stage at 300 < Re < 720,  
but the T-S wave evolves all the time at the linear 
stage. 
 
Fig.5  Amplitude evolution of modes (1,1) and (2,0) with 
different initial amplitudes (Ma=6.0). 
In Fig.6, the streamlines in yz plane at different 
streamwise positions with the same phase angle dis-
play clearly the formation and the evolution of the 
streamwise vortices. At the position y=15, the cross-
ings appear (see Fig.6(a)) and then streamwise gradu-
ally scatter (see Fig.6(b)) with vortex-centers forming 
(see Fig.6(c)). Finally, a couple of vortices form in 
mutually opposite directions (see Fig.6(d)). 
 
 
Fig.6  Streamlines on yz plane at different streamwise posi-
tions. 
Fig.7 shows the spanwise vortex contours in xy 
plane with different spanwise phase angles for Ma=3.0, 
FTS=80, and bsub=0.1. The initial amplitude of the T-S 
wave is 1.0% and that of the subharmonic wave  
0.05%. With the streamwise marching, the closed 
spanwise vortices take form with dimensions expand-
ing, and the normal positions of vortex center rising 
(see Fig.7(a)). As the amplitude of the 3D subharmonic 
wave increases, the amplitude of the T-S wave attains 
6% and that of the subharmonic wave 2% at about 
x=5 000 (Re=1 000) (see Fig.3), and the spanwise vor-
tices evolve into many small-size vortices. The phase 
angle π/2 is the neutral position of 3D disturbances 
(see Fig.7(b)), where the 3D disturbance value is zero 
with the mere existence of T-S wave. The distance 
between the centers of the neighboring vortices is 
 
Fig.7  Contours of spanwise vortices. 
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about 300 (i.e. the wave length of the T-S wave), sig-
nifying approximately an invariance streamwise. 
Fig.7(a) displays the peaks and Fig.7(c) the troughs of 
the subharmonic waves. The distance between the 
centers of the neighboring vortices induced by the 
combined reaction of both waves is about 600 (i.e. the 
streamwise wave length of the subharmonic wave). In 
Fig.7(d), the amplitudes of the 3D subharmonic waves 
are half of those in Fig.7(a). The small vortices that 
happen between two large vortices at about x= 4 400 
also stem from the combined reactions of both waves. 
As an important characteristic of the subharmonic 
instability, the formation of the staggered Λ structure is 
called H-type instability[16]. Fig.8 shows the plots of 
the instantaneous velocity contours with the same 
computational parameters as those in Fig.4(a). The 
normal position is y/δ0=65
0
( 200)Reδ = . As the ampli-
tude of subharmonic waves grows to a certain value, 
the staggered contour structures present themselves in 
Fig.8 with their corresponding instantaneous contour 
floods of the total vortices in Fig.9, where the Λ struc-
tures cannot be too clearly observed (in Fig.9, the 
darker the color, the bigger the value of vortices), 
which leads to final breakdown and transition of flows. 
 
Fig.8  Contours of instantaneous velocity u. 
 
Fig.9  Contour floods of instantaneous total vortices. 
5. Conclusions 
This article proposes the NPSE to study the nonpar-
allel and nonlinear supersonic boundary layer stability. 
The results show that in the 2D T-S periodical distur-
bances with finite amplitudes, the nonlinear interac-
tions prompt the amplitude of 3D disturbances and 
high-order harmonic waves to grow fast. The nonlinear 
evolution of the streamwise and the spanwise vortices 
and the Λ structures that are clearly picturized by  
figures are used to analyze the transition processes. 
This makes the computational cost much lower than 
that if DNS of Navier-Stokes equations is adopted. 
Therefore, the proposed NPSE is evidenced to be a 
powerful tool in studying the nonlinear stability in 
supersonic boundary layer flow. 
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Appendix A:  Derivation of nonlinear interaction factor 1 1 2 2( , , , )N m n m n in Eq.(10) 
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where the subscripts 1 denotes the mode (m1, n1) and 2 the mode (m2, n2). 
T
1 1 1 1 1 1[ ]u v w Tρ=ψ ,  T2 2 2 2 2 2[ ]u v w Tρ=ψ  
The derivatives of ψ1 in streamwise and spanwise directions are expressed as below by taking ψ1 for example: 
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